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Abstract

Geographically dispersed sellers in electronic reverse-marketplaces such as those hosted by Freemar-
kets are uncertain about the number of others sellers in any given market session. Over the course
of several market sessions, they learn about the competitive structure of their market. How sellers
learn to reduce the level of market structure uncertainty, is dependent on the market transparency
scheme (revelation policy) adopted. The revelation policies differ in terms of the level of competi-
tive information revealed. Thus, they determine what sellers learn, how they bid in future, and, in
general how the consumer surplus generated changes. In this paper, using game-theory, we com-
pare a set of revelation policies commonly used in electronic reverse marketplaces on consumer
surplus. Based on our analysis, we find that the policy that generates the least amount of market
structure uncertainty for the sellers should be chosen to maximize consumer surplus. This contra-
dicts the traditional view that under uncertainty sellers are worse off and the buyer better off. This

paper provides insights into this apparently anomalous outcome.

Acknowledgements: This work was funded in part by NSF CISE/IIS/KDI 9873005.



1 Introduction

FreeMarkets a successful B2B market-maker, creates electronic reverse marketplaces at the re-
guest of buyers. Among other attributes, buyers determine the “market transparency” scheme (or
information revelation policyto be used in the market. A revelation policy dictates the infor-
mation about bids, winning bids, number of bidders etc. that are revealed to the geographically
dispersed sellers in a market, at the begining, in the middle, and at the end of a market session.
At one end of the spectrum of available policies, the buyer can choose to accept sealed bids and
notify its decision to each seller individually. Under this policy, no other competitive information

is revealed to sellers. At the other end, the buyer can choose a revelation policy that allows the
sellers to observe the bids submitted by their opponents in real-time, and react. Under this pol-
icy, all competitive information is revealed. Over the course of multiple sessions, the revelation
policy adopted affects what sellers learn, how they bid in future, and the overall performance of
the market. To our knowledge the impact of these revelation policies, assuming market structure
uncertainty, has not been studied in any prior work leaving little guidance for the buyer in choosing
the appropriate revelation policy. We focus on this issue and compare, using a consumer surplus

metric, two of the many revelation policies available in Freemarkets:

1. Complete-Market Structure Information Settiregg): all quotes are revealed to all partici-

pants, implying that all sellers learn about the market structure.

2. Incomplete-Market Structure Information Settimg): the only information revealed to the
participants at the end of each market session is the winner’s quote. This means that the

winning seller, which is already aware of its bid, does not learn anything about the market

Ihttp://www.freemarkets.com



structure; however, losing bidders, if they exist, learn about the presence of at least one

competitor, and can bid accordingly in future market sessions.

We chose these specific policies because they are commonly adopted in both traditional mar-
ketplaces and electronic marketplaces Thomas (1996).

While our work is motivated by a real-world electronic marketplace hosted by Freemarkets,
results generated in this paper are applicable to any reverse-market setting. Note, however, com-
paring revelation policies is relevant only in the context of a web-based marketplace because of
the unique nature of the web in controlling transparency to competition. For example, because
of the computational power available, sellers can be informed about their rank relative to other
competitors allowing them to respond real-time.

The rest of the paper is organized as follows. Section 2 describes the problem context. In
Section 3, we review literature relevant to this topic. The problem context presented in Section 2 is
modeled as a continuous price two-period game in Section 4 where we compare the performances
of frameworks with and without market-structure uncertainty, and with and without cost-structure

uncertainty. Finally, in Section 5, we conclude.

2 Problem Context

Our game-theoretic model is a simplified abstract of the real-world scenario. Let us think about the
problem context from the perspective of a coal reverse-marketplace (our assumptions are stated as
bullet points). There are a certain number of sellers who can offer coal. Of these, only a subset of
the sellers bid in auctions convened at the request of buyers. Typically, in each auction conducted
in Freemarkets, maximum of three to four coal sellers participate. Exogenous factors such as the
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distance between the coal mine and the supplier base, the type of the coal the buyer wants, limit

seller participation. In our set-up:

o For sake of exposition, there can only be a maximum oftselers providing the product.
In other words, we assume that the market can only be monopolistic or duopolistic in nature.
The exogenous factors are assumed to influence the participation. It is assumed that with a

probability ofa, each seller bid&.

Anecdotal evidence from Freemarkets suggests that if a particular seller is chosen for a market
session, then it is highly likely that it gets chosen in future market sessions also. In other words,

there is a high correlation that the same seller is selected across market sessions.

e For the sake of tractability of the analytical model, we extend the anectodal result and set the
participation correlation to one in our set-up. Stated differently, market structure from the

first auction, is assumed to continue in future auctions also.

If a seller participates, it is unaware of its nature of competition but can learn about the market
structure depending on the information revelation policy adopted by the buyer. Each buyer is at
the liberty of choosing its desired revelation policy unaware of the events in the previous market

session.

¢ In our framework, there are exactly two buyers each initiating a period in our game-theoretic

model. We are interested in studying the impact of the revelation policy chosen by the first

2Refer to Greenwalét al. (2002) for n-seller-case. All results shown in this paper except one has been proved for
the n-seller case. The result which could not be proved for the n-seller case will be marked so.

3Assuming asymmetrical values for the probability does not allow us to comma®nd cis schemes in the
analytical realm.



buyer. The second buyer is assumed to be unaware of the events of the previous period when

it arrives.
The reverse-auction executed is as follows:

e The auction conducted is a first price sealed bid auction. This is usually assumed in the

reverse market context (e.g., Thomas (1996), Snir & Hitt (2002)).

e The price, representing the multiple-attributes of the bid, is assumed to be quoted simultane-

ously. Each seller’s bid is based on the following:

— Its belief about the market structure: In our set-up, sellers facing an uncertain number of
competitors, hold symmetric first period belief about the market structure. Conditional
on being present in the market, each seller’s first period belief of being a monopolist is

(1 — @) and let that be common knowledge.

— Consumer Utility for the product: The consumer utility for the produéf is ®+ and

is assumed to be known to both sellers.

— Cost of producing the product: We assume that the cost incurred in producing the

product is a constarit' and is also known to both sellers.

— Revelation Policy in the marketplace: It is eithes or cis. Sellers are assumed to be

aware of the revelation policy adopted.

Summarizing this: based an U, C and the policy adopted, sellers simultaneously bid

prices.

After receiving all bids, the buyer chooses the seller that offers the best bid (in our set-up, it
is the lowest price) as the winner (ties are broken randomly) and awards the contract. The winner
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builds the product but incurs a production cost (in our set-up(iisThe product built is delivered
to the buyer, who in turn, remunerates the winner. This point corresponds to the end of one period.
At this point, bids submitted in that period are revealed allowing sellers to learn about the market-
structure for the next period. This cycle repeats itself for the second period also.

Using this setting, we study the behavior of the sellersigand iniis. We begin by providing
some intuition for our results. Analysis relateddrs is straightforward. Recall that iais, sellers
are aware of their market structure information. In this case, the seller chooses an optimal strategy
in the second period depending on whether it is a monopolist or in duopoly. Since this information
is available independent of the outcome (win or lose) of the first period, the behavior of the sellers
in the first period is equivalent to that of the single period game.

In contrast, uncertainty persists in the second periatsdbr the first-period-winner. To avoid
this uncertainty, sellers are willing to pay in the first period to acquire information for the second
period. They pay so, by bidding a higher price in the first period so that, by risking the loss in the
first period game, they learn about their market structure. This leads to a lower overall expected
consumer surplus ins than incis. Further, this behavior i.e., to explore with higher price bids
under market structure uncertainty, is different from the case when sellers are uncertain about costs.
Under cost structure uncertainty, sellers bid a price lower than their expected costs to learn about
their cost-structure. Since the buyer is concerned about the lowest price observed, these two types

of uncertainties differ in their impact on consumer surplus.



3 Literature Review

Given the context, let us review the literature relevant to it. Finance literature refers to Revelation
Policies as “Trade-Transparencies”. There are a number of papers addressing the impact of pre-
trade transparencies (Madhavainal. (1999), Anand & Weaver (2001), Boehmet al. (2002))

and post-trade transparencies (Bloomfield & O’Hara (1999), F&iad. (1999))on the efficiency

of financial exchanges such New York Stock Exchange (NYSE) and Toronto Stock Exchange
(TSE). However, the financial markets and electronic reverse-markets differ structurally. Typically,
financial exchanges are double-sided auctions whereas the electronic reverse-markets are single
sided auctions. The information revealed in the double-sided auction not only affects the sellers
but also the buyers. Because of this characteristic, the problem is different from the single-sided
auction we are interested in studying. The only financial market which operates as a single-sided
auction is the primary bond market, say for US Treasury Bills. Even in these bond markets, the
standard policy employed is to reveal the winner’s bid and the quantity.

To our knowledge, revelation policies in single-sided auctions have been studied only in Thomas
(1996) and Koppius & van Heck (2002). Thomas (1996) compares the revelation policies in a set-
ting where two sellers are certain about the presence of their opponent but are uncertain about each
other’s cost type. Based on this, he demonstrates that the setting equivalentis @enerates
higher consumer surplus thas. This setting is different from ours: in our framework, sellers are
not certain about the presence of their opponent. Koppius & van Heck (2002) employ an experi-
mental framework to compare different revelation policies on bidders’ profits. They show that the
setting with the least uncertainty for the bidders generates the highest profit for the bidders. As

mentioned earlier, our paper is different from these two papers in analytically comparing the effect



of revelation policies on a consumer surplus metric in a setting where bidders are uncertain about
the nature of their competition.

Apart from these two, there are other papers which address “learning issues in single-sided auc-
tions”. Prior research work in this domain can be categorized into two. The first category focuses
on the bidders’ decision problem of whether or not to invest to learn the value of the auctioned
item and use that information to participate in the auction (Schweizer & T.V. (1983), Milgrom
(1981) and Guzman & Kolstad (1997)). The second dimension focuses on the bidding problem in
a multi-period auction (game) as bidders learn about their opponents’ type across periods. Dekel
et al.(2002), Sniret al. (1998) and Thomas (1996) study the equilibrium strategies in this context.
Our work is on a third dimension addressing learning issues under market structure uncertainty
(whether it is a monopoly or a duopoly or how many sellers are in the market). The only other
work in this dimension would be that of Jansen & Rasmusen (2002) where they study the behav-
ior of the firms in a single-period context. Our work extends Jansen & Rasmusen (2002) to a
two-period game (reverse-auction) and studies the bidding behavior of the seller under different

information revelation policies.

4 Game-Theoretic Model

Having differentiated our work from the existing literature, we focus on the problem context and
compare the revelation policies analytically. Without loss of generality, we normalize the prices
and the costs by the utilityy. Then, the range of the price hids [0, 1]. Similarly the cost incurred

is normalized by the utility and is representedcas C'/U. Using this set-up, we study market

structure uncertainty in Subsection 4.1 and cost-uncertainty in Subsection 4.2.



4.1 Market Structure Uncertainty

Firm-2 is & monopolist.
Prob. (1-aa

Figure 1: Market Structure Uncertainty - Extensive form of the Single Period Game. Nature makes
the first move (root node), after which the sellers move simultaneously (non terminal nodes other
than the root). The dotted lines denote each seller’s information set, indicating that the seller is to
move at each node cannot distinguish between that node and the one to which it is connected.

The extensive form for the single period game under market structure uncertainty is shown in
figure 1. The branches in the figure correspond to: (1) both sellers are selected - happens with
probabilitya®. (2) seller-1 is selected but not seller-2, probability — a). (3) seller-2 is selected
but not seller-1, probabilityl — a)a. With uncertainty, sellers are uncertain about which branch
they are on. When uncertainty is resolved, they know the branch they are on.

This single period game is extended to a two-period game in the contexs.of he extensive
form of cis is shown in figure 2. We begin with the second period game where uncertainty is
resolved. When uncertainty is resolved, sellers know which branch they are on. If a seller realizes
its monopolistic position, it extracts the consumer surplus by chaygiag. Instead, if the market

is duopolistic, both sellers charge= c.



Firm-1is a monopolist.

i Firm-2 is & monopolist.
Prob. a{i-a)

Prob. (1-a)a

Period 1

— —5eller-2 Period 2
§] g

Figure 2: cis - Extensive form of the Two Period Game. Sellers are uncertain about the market
structure in the first period. In the second period, sellers are certain about the market structure.



Corresponding to this second period game, one can also determine the profit for each seller: If
the seller is a monopolist, its profit (3 — ¢). If the market is duopolistic, the profit & Thus,
unlike in the discrete price model, duopoly profits are zero. Combining these two, the second

period expected profit for any sellers

A

Wiome=(1—-a)(l-c) (1)
This second period expected profit is independent of the first period outcome (win or lose).
Also, this second period expected profit affects equilibrium of the first period game. We can
characterize the equilibrium for the first period game base on the following lemma (see Appendix

Appendix A for the proof):

Lemma 4.1 When a commitment is made to reveal market structure information at the end of the

first period, the first period equilibrium is equivalent to that of the single period game.

Intuitively, in cis, sellers are provided information about market structure independent of
whether they win or lose. That is, they do not have to pay to learn and therefore, the first period
equilibrium is equivalent to that of the single period game. Since no pure strategy Bayesian-Nash
equilibrium exists, the subgame-perfect Bayesian-Nash mixed strategy equilibrium for; seller

the cumulative bid distribution (see Appendix A for the proof)

(1-p)(1—a)

Pl =1-"6"0a

2)
F,1(p) is defined forp € [(1 — a) + ca, 1]. The bid distribution is plotted for different values
of a in figure 3. Notice that it matches with our intuition that whers low, sellers bid only

high prices. Based on this, one can compute the consumer surplus generated if the the probability
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F(p) at 2=0.9

F{p) ata=0.1

Fip) ata=0.5

Figure 3:F; 1 (p) is shown for different values af.
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density function (pdf) of the bid distribution is known. We present the pdf function but defer the
consumer surplus comparison to the latter part of this section. The pdf corresponding to equation

2is

(1 —-¢)(1—a) 3)

fi,l(p) = (p . C)Qa

Firm-1 is a monopolist.
Prob. a{i-a}

Firm-2 is @ monopalist.
Prob. (1-a)a

Period 1

1 Firm-2 lost the First
petiod, Firm-1 won
the first period

Figure 4:11s - Extensive form of the Two Period Game. Sellers are uncertain about the market
structure in the first period. In the second period, one seller - the winner is uncertain about the
market structure while the other seller is unaware of the market structure.

After defining the equilibrium ofcis, we focus oniis. The extensive form game fors is

shown in figure 4. In the first period af, both sellers are unaware of their market structures. But,

the second period is an asymmetric game. Since the first period winner’s bid is revealed at the end
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of the first period, the loser from the first period, if there is one, learns that a competitor exists. In
contrast, the winner is not aware of the market structure. However, the winner holds atublesf

is also known to the loser. In such a case, only a Bayesian Nash mixed-strategy equilibrium exists
for the winner,w and the loset (See Appendix B for the proof). At equilibrium, the cumulative

bid distribution for the loser is:

(1 —p)’
Fi(p)=1- 4
R TR “
F(p)isvalid forp € [2' + ¢(1 — 2’), 1].
Corresponding to this distribution, the pdf is
(=)
o) = 6= = ) ©)
Similarly, the cumulative bid distribution for the winner is:
(1 —c)
F,(p)=1———+ 6
(p) =0 (6)

F,(p) isvalid forp € [¢' + ¢(1 — 2’), 1]. At p = 1, a mass point with probability/,, = z’ exists.
The pdf corresponding to this distribution is

(1 —c)

w\P) = 77— 3

Figure 5 shows the distributions of the winner and the loser'fer 0.5. Note that the winner’s

(7)

bid distribution is first degree stochastic dominant over the loser’s bid distribution. Further, based

on these equilibrium strategies, we can state that (see Appendix B for proof):

Lemma 4.2 The second period expected profits for the winner and the loser are eqtfél tec).
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Figure 5:F,(p) and F;(p)is shown forz’ = 0.5.

Although, the expected profits are the same for both sellers, the difference is in terms of whose
2/, itis. Recall thatr’ is the belief held by the winner. Using a bayesian update, this belief can
be represented as a function of the price bidijrst period belief held, and the first period mixed

strategy equilibriun¥; ; (p):

(1-a)
1—a)+a(l—F;i(p)) (8)

a'(p) =
(
Based on this definition, the first period equilibrium can be characterized as follows (proved in

Appendix B):

Lemma 4.3 In 11s, the first period mixed strategy equilibriud; ; (p) is a solution to a non-linear

equation and is defined only fore [c 4+ (1 — a)(1 —log (1 — a))(1 — ¢), 1].

Even if one is not able to derive the expressionfbr(p), one can compute it numerically for
a given value of: (Figure 6 shows the bid distribution for the first period equilibrium computed
numerically). But, this also implies that for comparing the performances @ndcis, we cannot
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Figure 6: Bid Distribution for first periods - numerically computed foz = 0.75.

rely on the expression of the first period equilibrium. In fact, meaningful comparisons are possible
using just the lower bounds of the first perind strategy sets.

Recall that our metric for comparison is consumer surplus and it is defined as follows. Since all
prices are normalized by, the consumer utility generated is also normalizetl fior each period.
Therefore, the total consumer surplus across both periods is giveib By 2 — P,,;q WhereP,,;q

is the total expected price paid across both periods.

Forcis, this P4 = pC’]VLl + POMQ l.e., the sum of the expected prices observed by the buyer

in the first and second periods respectively:

. 1 g
Powr = il o RO Fa®) fal)lpdp

+2(1 — a)a/l

((1=a)+ca

) fia(p) p dp} 9
The numerator of this expression is explained as follows. The first term: with probability of
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both sellers are in the marketplace. In that case, the2etm F; ;(p)) fi 1(p) is the bid distribution

of the minimum price observed by the buyer, when both sellers in the market use the cumulative
bid distributionF; ; (p). The second term corresponds to the condition when each of the two sellers

is a monopolist - which happens with probability,— «)a. In such a case, the seller which is not
aware of its market structure bids according to the same bid distrib&fidp). The factor 2 in the

second term accounts for each seller being a monopolist. The denominator conditions the expected
price on having at least one seller in the market.

Similarly, the expected minimum price observed in the second periatdsa

Pona = ( ! (2(1 — a)a + a*¢) (10)

2—a)a
A similar generic expression for the expected price cannot be computed fmcausé; ; (p),
the first period bid distribution for sellers irs, is a solution to a non-linear equation. However, we
can compare the consumer surplus generated across both settings assuming the worst-case scenario

for 1s:

1. Let the buyer observe a price of+ (1 — a)(2 — (1 — a))(1 — ¢), a price lower than the
support of the first period equilibrium bid distribution; (1 — a)(1 —log (1 — a))(1 — ¢).

In expected terms, conditioned on having at least one seller in the market

Prri=(c+(1—a)2—(1-a)(l—0) (11)

2. After the end of the first period, we assume that the winner retains the same belief in the
second period as in the first period i-€.—= (1 — a). As before, this second period belief is

assumed to be known to the loser.
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Based on this, the expected minimum price observed by the buyer in the second pasad of

Py

e [ =) £ae) + (= Falp) )

a2 —a
1

w201 -a)[[  fulp) pdp+ M)} (12)

(1—a)+ca

The numerator of this expression is explained as follows. The first term: with probaBility
both sellers are in the markét — F(p)) f.,(p) refers to the probability that the winnews, offers
the lowest price in the second period. The téim- F,(p)) f;(p) is the probability that the loset,
offers the lowest price in the second period. Using these, the expected lowest price observed by the
buyer is calculated over all possible prices. The second term corresponds to the setting when the
market is monopolistic and this happens with a probability(@f— «). In such a case, the winner
who is not aware of the market structure continues to bid according to the distridGtipn. We
also account for the mass pointiat 1 by adding)V/,,.
Since the utility is assumed constant across both periods, the difference in the consumer surplus

generated is the negative of the difference in the expected price:

Dy = pIM,l + pIM,Z - [pC’M,l + pC’M,Q] (13)

This expression simplifies to

[a(1—a) (a(I-a(l—-¢)—(1—a)(l—-c)log(l—a)) (14)

Note thatD,, > 0 Va € [0,1],Ve € [0,1]. This implies that the expected consumer surplus
generated imis is greater than that iais.

This is an interesting result which warrants further analysis. To investigate which period con-
tributes to this result, we compare the consumer surplus generated period-by-period.
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1. The First Period Comparison : Here again, we assume the worst-case scenasgo.éoy
the first period expected price fas is Py, = @{c +(1—-a)2—-(1—a)(l—c0)}.

This leads to a first period expected price difference

. . 1
Grvi = Prvg — Poyg = m {(1 - a)Q a2(1 - C)} (15)

This is non-zero for any € [0, 1], ¢ € [0, 1] implying that the expected first period price of

IIS is always higher than that afis.

2. The Second Period ComparidorSimilar to the earlier case, we assume the worst case
scenario foriis i.e., the second period updated beliéf= (1 — a). Based on that, we

compute the expected second period price difference as

G = P = Porez = L i —a)ac—(1—a)(1—c)log(1—a))] (16)

2—a)

Note that, even in the second period, the expected price (consumer surplus) is higher (lower)

in 11S when compared tais.

Summarizing the results: in each period, the expected consumer surplgsigilower than
that incis. This implies that the first buyer’s choice of the information revelation policy impacts
not only itself but also the second buyer. Now let us analyze the seller-side.

The interesting behavior to notice is that sellers, when they face market structure uncertainty,

have an incentive to bid higher prices in the first period in order to learn. Is this true across all

4We could not compare the second period consumer surplus for the n-seller case.
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types of uncertainty or is it unique to market structure uncertainty? To investigate this, we study

the behavior of the sellers under cost structure uncertainty in the following section.

4.2 Cost Structure Uncertainty

We retain the same problem context from the previous section. However, sellers in this model
are aware of their market structures but are uncertain about their costs. Sellers can be one of
these two types: a low cost type or a high-cost type. We also assume that costs ingurred
andcy by the low-cost type and the high cost type respectively, are the costs normalized by the
utility U. If b is the probability with which a seller is a low-cost type, then the expected cost is

¢ =bcr + (1 —b)eyg = (1 — b)ey. Similar to the earlier section, sellers can bid a pyide the
rangel0, 1]. Using this framework, we compare the consumer surplus generated in the following

policies that are similar to the ones under market structure uncertainty:

1. Complete Cost Structure Information Settir€): In this setting, at the end of the first
period, both sellers become aware of their cost structure and that of their opponent. The
intuition for this policy is as follows. If a seller wins the contract to build a certain product
(say for example, a skyscraper) and if the resources available to both sellers is universally
known, sellers can determine the cost incurred for both sellers based on the cost incurred by

one.

2. Incomplete Cost Structure Information Settingg): In this setting, at the end of the first
period, the winner is aware of its cost structure while the loser is aware neither of its cost-

structure nor that of the winner.
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Results in this section can be summarized as follows. In the first period, both sellers are un-
aware of their cost structures but, in the second period, depending what they learn, their bidding
behavior is different. Without uncertainty in the second period, both sellers bid the optimal price
in the first period. With uncertainty, when a seller believes that with a high probability it is a high
cost type, it is willing to incur a loss in the first period to learn about its cost for the second period.

This leads to lower price and higher consumer surpluséthan inccs

Firm-2 high
Firm-1 high ~JFirm-1 low
Firm-2 low /" [owilow A 1-bJ b(1-b]
b(1-k) L2 High#High
e e e — e — — Firm-1

Figure 7: Cost Structure Uncertainty - Extensive Form of the Single Period Game

Let us begin our analysis by describing the extensive form of the single period game under
cost uncertainty shown in figure 7. In this case, nature determines the cost-types for the sellers.
Without any knowledge about their cost-types, sellers bid simultaneously. This single period game
is extended taccs and analyzed. In the second periodaafs, uncertainty is resolved and there

are three possible scenarios:
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1. Both sellers are low cost type. In this case, the equilibrium strategy for both sellers is to bid

cr. This case occurs with a probability &f.

2. Both sellers are high cost type which happens with a probability efv)?. In this case, the

equilibrium strategy for both sellers is to hig.

3. One selleris a high-cost type and the other is a low cost type. This happens with a probability
of 2b(1 — b). In this case, the equilibrium strategy for the low-cost seller is tochid- §

whereas for the uncertain seller, the equilibrium is todjd

Since cost information is available to both sellers in the second period, the bidding behavior of
the sellers in the first period afcsis similar to that of the single period game i.e., the equilibrium
is for both sellers to bid .

Having defined the equilibrium strategy @Ts, we proceed tocs. In the second period, one
seller - the loser-selldrwhich lost the first period game - is unaware of both its cost structure and
that of its opponent while the winneu;, is aware of its cost structure (whenever there is a need
to differentiate between types of the winner, we usgdo represent the low-cost type ang to
represent the high cost type).

The equilibrium results are summarized below (see Appendix C for the proof). When the
winner realizes his type as high cost, the equilibriumi@iis to bidcy. But, if the winner realizes

his type as low costyy, it plays a mixed strategy according the following cdf

(1 —"0)(cy —p) (17)

Bulb) =1-7075

F.,(p) is defined only fop in the rangdé (1 + b), cy|. Corresponding to this, the pdf is
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(1 — b)CH
(p—c)?

Similarly, the cdf for the mixed strategy equilibrium for the loser from the first peripd

fu(p) = (18)

given by

1+ b)

R =1- 0 (19)

Note thatF;(p) is defined only forp in [¢ (1 + b), cy| and it has a mass point at= ¢y with

probability M; = 1 — a®. Corresponding td;(p), the pdf is

filp) = ‘ (1pj d

(20)

The mixed strategy equilibrium can be explained intuitively. The only type of uncertainty that
exists in this framework is the cost-type and it persists onlylfon contrast, the winner from
the first periodw, is aware of its cost-type. Suppoge&new thatw is a low-cost type, then the
equilibrium is forl to bid ¢ and, forw;, to bid¢ — 6. Similarly, if [ knew thatw is a high-cost
type, then the equilibrium is fdrto bid ¢y — 6 and forwj, to bid cy. But, sincel is not aware of
its opponent type, it tries to mix between the strategjeandc . Although this fixes the strategy
for wy, this provides room fotw; to secure higher profits by mixing strategies according to the cdf
Eu(p)-

Based on these expressions for the equilibrium, we compute the difference in the expected

second period profits of the winner and the loser as

Groa = (1 —b)eyb? (21)
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Since forGc» > 0 anyb € [0, 1], winning the first period game is more profitable than losing.
Therefore, sellers in the first period @fs bid an equilibrium price of — G¢.. Note that this
means that sellers are willing to bid a price lower than their expected cost whereas sellers
never bid less than their expected cost.

Now, let us step back and contrast the first period bidding behavior of sellers in a framework
with and without market structure uncertainty against a framework with and without cost structure
uncertainty. Under market structure uncertainty sellers bid higher with uncertainty than without it.
In constrast, under cost structure uncertainty, sellers bid lower with uncertainty than without it. The
key difference is how sellers are willing to pay to overcome uncertainty. Under market structure
uncertainty, sellers pay by bidding a higher price and thereby, risking their loss in the period. But,
under cost structure uncertainty, sellers pay by bidding a price lower than their expected costs.

This explains the differing impacts of uncertainty on consumer surplus.

5 Conclusion

In conclusion, we have addressed an important real-world problem i.e., the impact of market struc-
ture uncertainty on consumer surplus, which has not been studied in the literature. Specifically,
we compare two of the many policies that are possible in e-marketplaces. Using the properties of
the equilibirum, we observe results that appear counter-intuitive to our traditional view: the setting
with market structure uncertainty generates lower consumer surplus than that without it. Insights
gained, explain why, in order to maximize consumer surplus, it may be best to choose a policy that
generates the least level of market structure uncertainty for sellers.

Further, our analysis also emphasizes the focus on the “nature of uncertainty” when comparing

23



performances of settings with and without uncertainty. From our baseline analysis on market
structure uncertainty, we contrast the behavior of the sellers under cost-structure uncertainty. With
cost structure uncertainty, sellers bid a lower price in order to “learn” about their costs. This leads
to higher consumer surplus in the first period when compared to the setting without it. But, with
market structure uncertainty, it is the opposite. Sellers “learn” only by bidding a high price and
thereby decreasing the consumer surplus generated in the first period than in the setting without it.
This stylized model can be extended further to make it more realistic. Some of the suggestions
include: a) In this paper, we set the correlation of selection probability for the sellers across the
two periods to be one for tractability reasons. In reality, it is not so. We intend to investigate this
by comparing the policies for any exogenously set correlation value. b) Also, for tractability rea-
sons, we assume that sellers are symmetrical. We intend to compare the two settings relaxing this
assumption. c¢) This paper compares only two of the many policies facilitated in marketplaces like
Freemarkets. Another extension would be to model other revelation policies used in Freemarkets

and study their impact relative to those studied in this paper.
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A Second period ofcis Continuous Price Model
Proposition A.1 There is no pure strategy Nash equilibrium

Proof: LetII,;(p;, p;) represent the profit for sellérwhen selleri bids p; and its opponent seller
j bidsp;. Let the pure strategy equilibrium lg;, p;) for both sellersi andj. Because of the
symmetric naturep; = p;. If such a pure strategy equilibrium exists, then there cannot exist any

pricep; such thatll;(p;, p;) > IL(p;, p;).

(p; — ¢

Li(pi, pj) = (L= a)(pi =) + (1 = (1 = a)) = (A-1)
Let there be @; = p; — ¢, € > 0, then,
Li(pi,p;) = 1= a)(pi —c—e)+ (1= (1 —a))(pi —c—¢) (A-2)

. . * oK\ (1-(1—a))(p; —¢)
From equation A-1 and equation A-2, we thg—:{pi,pj) > i(p;, p;) if e < ——~—.

Since such an exists, therefore no pure strategy equilibrium exiQ&D

Having proved that a pure strategy Nash equilibrium does not exist, we focus on the mixed
strategy equilibrium. The equilibrium for any sellér,is defined as the paiy;, S;) where i}
is the probability measure defined over the strategysseC p such that, giver{y;, S7) for the
opponent,j, (uf, Sf) is the best response. To determine the equilibrium, consider the expected
profit for selleri. With probability (1 — a), when the seller is a monopolist, any bjg secures the
seller a profit of(p — ¢). With probabilitya, the seller has an opponepitwhose equilibrium bid
distribution isF;(p). In such a case, sellérsecuresp — ¢) only if it outbids j - the probability

thati outbids; is (1 — F;(p)). Therefore, the profit is given by
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I(p) = (1~ a)(p— ) + a(l — Fy(p))(p— ) (A-3)

Since the expected profits are similar between sellenslj, the equilibrium strategies are also
symmetric. The nature of the equilibrium can be further characterized based on the propositions

below
Proposition A.2 There are no gaps in the strategy sefsand S;.

Proof: On the contrary, let there be a gap betwgeandp such thatinf(S¥) < 5 < p' < p <
sup(S¥). Thep' continues to be the lowest price for any price abgveSimilarly p’ fails to be
the lowest price for any price lesser thanHowever, in the circumstances when the price bid by
opponent is greater than p’ can generate more profits thanTherefore, such a gap cannot exist

QED
Proposition A.3 sup(S;) = sup(S}) =1

Proof: Because of the symmetric natusep(S;) = sup(S;) and let it be= p.

Consider the case when> 1. It is not possible to generate any profit when the price bid
p = p, since the price is above buyer’s reservation price. Therefore.

Letp < 1, the profit for seller if it bids p is (p — ¢) (1 — a). This is because when sellgr
is presentFj(ﬁ) = 1 (From the earlier proposition A.2 and the expected profit is the profit that it
secures if it is a monopolist only. This expected prafit- ¢)(1 — a) < (1 — ¢)(1 — a), the profit
from bidding the reservation price of the consumer. Thereforel. QED

Based on these propositions, one can compute the symmetric mixed strategy equilibrium for
sellerj as a distribution that generates the same profit for its opponent independent of the action
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taken by the opponent. In our set-up, equation A-3 generates the same profitffancilding
p = 1. But, atp = 1, F;(p = 1) = 1 and thereforell;(1) = (1 — a)(1 — ¢). Since the expected

profits are the same independent of the price, equation A-3 becomes
(1=a)+a(l = F;(p)(p—c =1L(1) = (1 —a)(l —c) (A-4)
Rearranging the terms, we have
(1-p)(1 —a) (A-5)
Proposition A.4 inf(S;) = inf(S}) = (1 —a) + ca

Proof: We know F;;(p) is continuous (proposition A.2) and increasinfgy(p) = 0(F;(p))/0p > 0
for all p in the rangg0, 1]). Based on that, one can compute hé.S;) by settingF;(p) = 0. That

yieldsp = (1 — a) + ca. QED
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B 1S Continuous Price Model

Proposition B.1 There is no pure strategy Nash equilibrium.

Proof: LetIL,(p., p;) represent the profit for the winnerwhen the winner bidg,, and the loser
bidsp,. If there exists a pure-strategy equilibrium, it can be in one of two wayspj.es p;, or

p} > pi . It can be easily shown thaf # p} in the same manner as the proof for proposition A.1.
So, we focus on the case whgh> p?

In that case, the profit is
Iy (pry, p7) = (1 = a)(py, — ¢) + a(l = Fi(p))(p, — ¢) (B-1)
If we choose &, = p}, + € < pj, then
Ly (pw, pi) = (L = a)(p,, — ¢+ €) + a(l — Fi(p))(p,, — ¢+ epsilon) (B-2)

From this, it is trivial to show thall,, (p.,, p;) > L, (p%, p;). QED

Since there is no pure strategy equilibrium, we compute the mixed strategy as the p8jr),
S; C p for the loser from the first period and(u,, S¥), S, C p for the winner from the first
periodw.

To compute the equilibrium, we determine the second period expected profits fdrarathy.

Forw, the second period expected profit is
My(p) =a" (p—c) + (1 =2")(1 = Fi(p)) (p — ©) (B-3)

whereF;(p) represents the bid distribution far

For thel, the expected profit is

I(p) = (1 = Fu(p)(p — ¢ (B-4)
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whereF,,(p) represents the bid distribution of. Note that neither’ nor (1 — a) appears in this
profit function because the losing seller knows that it is in a duopolistic market.
In this set-up, the equilibrium solution can be further characterized based on the following

propositions:

Proposition B.2 There are no holes in the strategy ssfsand S},

The proof for proposition B.2 is similar to that for proposition A.2.

Proposition B.3 Neither seller has mass points a) in the interior or b) at the lower boundary of
the other’s support or c) at the upper boundary of other’s support if that boundary has a mass

point for the other seller.

Proof: Let us represent’ = inf(.S})) andp” = sup(S;,). Assume to the contrary that there exists
a mass point equilibrium for the losing selleat the pricey’ < p* < p” with probability of~.

Consider the profits for the winner when biddipg— ¢ andp* + ¢. These are

d(pT—e—c)+ (1= Fp"—e)(l -2 )p" —e—c) (B-5)

and

d(p te—c)+ (1= Fp" =€)l —a)p"+e—c) (B-6)
Subtracting equation B-5 from B-6 yields
~ =2+ (1 —a")ey + 2'p*y (B-7)

Therefore, the winner will find it advantageous to move it's equilibrium to some pbiat p*.
This is contrary to our earlier assumption that such an equilibrium exists. Therefore, there cannot
be a mass point in the interior of the other seller’s support. If such a mass point exigisSa,
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the only equilibrium possible is a pure strategy equilibrium. We had proved that no pure strategy
equilibrium exists and therefore, there can be no mass point at the lower boundary.

Whenp* = p”, w can do better by bidding a prigé — ¢. This proof holds when the other
seller has mass point agt. The only condition when the proof is not applicable if the winner has
a mass point gt”.

Using a similar proof, we can prove that all the above conditions are applicable for the losing

seller.QED

Proposition B.4 If one seller has a mass point g, the other seller will charge” with zero

density in the equilibrium.

Proof: Let sellerw have a mass point gt with a probability a weight of,. The difference between
the expected profits for the losing seller between seftinge andp” is given by(1 — ) (p” /2 —¢€)
which is strictly positive for a smal. Therefore, ifw has a mass point at', the losing sellet is
better off coming arbitrartly close t@’. Converse of this, can be proved similarly showing that if

a mass point exists for the losing seller, the winner’s bid distribution will come arbtitrarly close to

p”. QED

Proposition B.5 sup(S}) = sup(S;) = 1.

Proof: First, we will prove thatup(S;,) = sup(.S;’) and then we will prove thatup(S;) =1
Supposesup(S;) < sup(S;y), then the low-cost winner can increase its profit by bidding a

price closer tasup(S;). Similarly, if, sup(S;,) > sup(S;), the losing seller can increase its price

close to thesup(S;)). Thus the only possibility isup(S;) = sup(S}’). Let us representip(S;) =

~
~

sup(S}) = p.
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Letﬁ > 1. In such a case, it is not possible to generate any profit when the priqedsig?l,
since the price is above buyer’s reservation price. Therefotel.

Let p < 1, the profit for the sellew if it bids p is (p — ¢) (1 — a). This is because when the
opponent is presenf?l(ﬁ) = 1 (becauseup(S;) = sup(S;)) and the expected profit is just the
profit the winner secures if it is a monopolist. This expected ptpfit¢)(1 —a) < (1—c¢)(1—a),
the profit from bidding the reservation price of the consumer. Thergferd. QED

To determine the strategy férwe equate equation B-3 to the expected profit for the winner at

p = 1whichisz’(1 — ¢). Based on this,
v (p—o)+(1-2)1-Fp)(p-—c=2(1-c) (B-8)

Rearranging the terms, we have

o, (d=pXxn i
Corresponding to this distribution, the pdf is
1—c)Xm/
fitp) = —L2 9 (B-10)

(p—¢)*(1 = Xm)

From this, we can state that

Proposition B.6 inf(S}) = inf(S)) = 2’ + ¢(1 — 2)

Proof: inf(S;) can be calculated by equatidg(p) = 0. This yieldsinf(S;) = 2’ + (1 — 2/)c.
Having proved thainf(S;) = 2/ + (1 — 2')c, we focus on proving thanf(S;) = inf(S}).
Let us assume the contrary i.eaf (S;) # inf(S}). Letinf(S}) < 2’ + (1 — 2")c. In such a case,
the winner from the first period can be better off with a pid= 2’ + (1 — 2)c since the loser
will not bid any value belowt’ + (1 — z’)c. This rules ouinf(S}) < 2’ + (1 — 2’)c. Similarly,
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if inf(S%) > 2’ + (1 — 2’)¢, the loser will move its boundary point taf(S}) and have a mass
point at the boundary. Since we know that the there can be no mass point at the lower boundary,
inf(S}) =’ + (1 — 2')c. QED
To determine the strategy far, we use the result from proposition B.6. We compute the profit
for the! at the boundary of the winner’s distributidf, (p) which is atp = 2’ + ¢(1 — 2’). From
the definition of the mixed strategy equilibrium, the expected profit at this point fow tisethe

same as that for all other prices also. Therefore,

(1= Fu()p—c)=2"(1-¢) (B-11)
o (1 —c) )
Fup) =1 (B-12)

The pdf corresponding to this distribution is

_2'(1—¢) )
folt) == (B-13)

Based on these distributions, we can compute the expected profits.

Proof for lemma 4.2

Note that since the winner is not aware of the market structure, the second period bid distribution
is the sameF,(p) and it is independent of whether the market is monopolistic or duopolistic.
Further, F,,(p) # 1 atp = 1. This implies that there is mass pointzat= 1 with probability

M,, = 2’ to make the distributiott’,(p) = 1 atp = 1. Based on this we can compute the expected

profits for the winner and the loser in equilibrium.

1, = /: {a*(1 — Fi(p)) fu(p) +2a(1 —a) fu(p)} (p—c) dp + My,(1—c) (B-14)

"+c(1—a’)
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Simplifying this, we have,

I, =2'(1—¢) (B-15)
For, the expected profit is
1
M=/ (1= Fe) i) —c) dp (B-16)
' 4c(1—a')
Simplifying this, we have
I, =2'(1-¢) (B-17)

Proof for Lemma 4.3

The expected profits equal(1 — ¢), wherez’ is the second period beliefs held by the winner.
Second period beliefs are dependent on first period beliefs andbaisdp;, and the equilibrium
behavior of the sellers. If we assume sellers play a pure strategies, then the winning seller in the
first period, say seller, wins because either it is a monopolist, or it outbid its oppomgwhich we
assume occurs with probability;; note thav,; depends op; andp;. Thus, sellei’s second period

belief 2, conditioned on winning in the first period, can be represented in a Bayesian manner as

follows:
z;(a,pi,p;) = (1_(2)__% (B-18)
where
1 ifp <p;j
0 =3 L if p, = p
0 ifp;>p;

accounts for the possibility of ties.
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In 11s, seller:’s expected profit$l; as a function of sellei's pricep, and seller;’s pricep, are

calculated as follows:
i(pi, pj) = (1—a)((pi— o) +2i(1=c)) +al(pi —c+xi(1—¢))dy+ (0+25(1—c))(1-5;)] (B-19)
whered;; is defined as before.

Equation B-19 can be understood as follows. Selleelieves itself to be a monopolist with
probability (1 — a). Thus, with probability 1 — «), it earns profits of; — ¢ in the first period and
xi(1 — ¢) in the second period. Sellébelieves the marketplace is a duopoly with probability
Thus, with probabilityu, selleri is either the lower priced seller in the first period, in which case it
earns profits op; — ¢ in the first period and’;(1 — ¢) in the second period, or selléis the higher
priced seller in the first period, in which case it earns zero profits in the first period;ahe- c)

in the second period. Thg; terms in this Equation B-19 account for the possibility of ties.
Proposition B.7 There is no pure strategy equilibrium in the first periodii.

Proof: Suppose not: i.e., suppose there exists pure strategy equiligpiupi). The proof pro-
ceeds by establishing the existenceo$.t. T1;(p;, pj) > IL(p, p}).

Note the following: if seller wins in the first period by outbidding its opponent, then

/ = (1 — a)
i (a, pi,pj) = 1-a)+a

=(1—a) (B-20)
If selleri wins in the first period, but both sellers bid the same price, then

(1—a) 21 -a)
1—a)+ inegProb 1+ (1—a)

(1 = a),pi, pj) = ( (B-21)

The symmetric case: i = p; = p*, then

i) = (-0 (= ot (Frrs0-a) )+ - (-0

@ (p* —c+ M(l — c)) + ; (0 + M(l - c)>>(B-22)
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Now if p; = p* — ¢, for somee > 0, then

IL(pi,pj) =p" —e—c+ (1 —a)(l —¢) (B-23)

From equations B-22 and B-28;(p;, pj) > I1;(p;, p;) whenever < a[(p* —¢)/2] — (1 —a)(1 -

¢)(1—(1—a))/(14+(1—a))]. Such are exists, whenever* > c+2(1—a)(1—c)/(1+(1—a)). But

note thap; = p; = pis not a pure strategy equilibrium fpre [0, c+2(1—a)(1—c)/(14+(1—a))],

since

)(1—c¢) (B-24)

butll;(1,p;) =[2(1 —a)+ (1 —a)(1 — (1 —a))](1 — ¢) > IL;(p;, pj) Wwheneved < (1 —a) < 1.
The asymmetric case: Without loss of generality, asspme pj. Choosey; = p; + ¢ < pj,

for somee > 0. Now

Mo, p5) = pf — c+ (1= a)(1— ) (8-25)

and
IL(pi, pj) =pi —c+ (1 —a)(1 —c) (B-26)

Sincep; > p;, it follows thatll;(p;, p;) > ILi(p;, p;). QED

Having argued that no pure strategy equilibrium exists, we now study the mixed strategy equi-

librium of the first period ofis: i.e., F; ; and £ (p). Rewriting equations B-18 and B-19 in terms

of mixed strategies yields:

/ N (1 - CL) _
0P = T e~ Foa ) (8-27)

and
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i(p)) = (1—a)(pi —c+zi(pi)(1—c))+
al(1 = Fj1(pi)(pi — ¢ + 23(pi) (1 = ¢)) + Fya(pi) (0 + 23(p;) (1 — ¢))] (B-28)
Note that although at the end of the first period, sellean observe; and compute’’(p;), ex

ante, this information is not available. Therefore we rewrite equation B-28 as

Li(p:) = (1—a)(pi—c+ai(p)(1—0c))+
a{(1 = Fa(p))(pi — ¢+ 2(pi)(1 — ¢)) +
Fj1(pi) (0 + 25(pi) (1 —¢)) } (B-29)
wherez’. denotes the expected valuexdfa, p;). Now if we restrict our attention to the symmetric

mixed strategy equilibrium (i.e., let; ; (p) = Fj1(p)), and ifinf(S}) = P thenz’, when selleri

bidsp; can be computed as follows:

¥ Di (1 — a)
) = | TCara s Fay 0 @
- (1 ; a) [—log ((1 —a) 4+ a(l — F;1(p))] (B-30)

Having defined the profits, we can characterize the equilibrium using the following proposi-

tions:
Proposition B.8 sup(S;) = sup(S;) = 1.

Proof: Suppose not: i.e., supposep(S;) = p; < 1 then, F;;(p;) = 1. Thus,IL(p,) = (1 —

a)(p; —c+ (1 —a)i(p;)(1 —¢)) + azj(1 —¢) < 2(1 —a)(l —¢) +a(l — )7}

" = II,(1), since

p; + (1 —a)i(pi) < 2. Thereforep, = 1. The argument is analogous for seljeQED

36



Proposition B.9 inf(S;) = inf(S}) > ¢+ (1 — a®)(1 — ¢).

Proof: At the upper boundaril;(1) = 2(1 — a)(1 — ¢) + (1 — c)at’(1), since winning by
bidding at the upper boundary reveals that the marketplace is monopolistic. At the lower boundary,
IL(p,) = p, — ¢+ (1 — a)(1 — ¢), since winning at the lower boundary reveals no information.
Setting these two expressions equal to one another and plugging in Equation B-30pyields

ct+t (1 —a)(l—-c)+al-c)ij(l) =c+ ((1—-a)+(1—-a)-log(l—a))(l-c) Since

—log(1—a) > a, itfollows thatp. > ¢+ ((1 —a) + (1 —a)a)(1 —c) = c+ (1 —a*)(1 —c). QED
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C 1cs Continuous Price Model

Proposition C.1 When the winner from the first period realizes its type to be high-cost, its pure
strategy equilibrium is to bid;. However, no pure strategy Nash equilibrium exists for the loser

or for the winner if it realizes its type to be low-cost.

Proof: Let us assume that the losing seller plays a pure strategy equilidtfum cy. Then, the
equilibrium for the winner is to bid; independent of its cost type and this generates zero profits
for the losing seller. For this reason, aRy > cy is ruled out for the loser.

If P < cy, then the response for the high-cost type first period winnes to bidcy,.

We extend this further to prove that the pure strategy equilibrium does not exist for both the
losing sellerl and the low-cost type winner;. Let P* < cy, be such that?* = P, i.e., the
low-cost type winner and the losing seller play the same strategy. Then, the expected pfasit for

IL(F) = a<Pl*2_ )

+ (1 =a)(P =0
We can demonstrate thatraexists such thall,(P) > I1,(P). Let P, = P —¢,¢ > 0.

I(R) =a(F —c—e)+(1—a)(F —c—¢)

This shows that fob < ¢ < a(P — ¢)/2, II;(P) > II,(P), thus proving that an equilibrium
Pr = P? does not exist.

Consider the casg" < P;. Now, the expected profit faris
I(F7) = a(F =) + (1= a)(F = ¢)
ThenforP, = P+ € < P}y

(F) = a(B —c+e)+ (1 —a)(F —cte) > IL(F)
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This means that there always existsedhat can generate higher profits.

This proves that no pure strategy equilibrium exists for the losing seller. A similar proof exists
for stating that no pure strategy equilibrium exists for the high-cost s€IED

Given that there is no pure strategy equilibrium for the low-cost typand/, we focus on the
mixed strategy equilibrium. Let the strategy pair fdre (1.7, S;°) and the strategy pair for the low

cost type winnetw; be(yf), Sk ). In this setting,
Proposition C.2 sup(S;}) = sup(S;) = ¢y

Proof: First, assume that a s8f, a subset of the strategy s&t that represents bids greater than
cy exists. Our proof will demonstrate thét has to be null for the loser to maximize profits.

For the sake of convenience, I8t = S/ — S/, represent the set of bigs< ¢y and lety,(p)
represent the probability that a pripan the strategy se$; is chosen. Then, the profit for the

losing seller can be written in the following manner.

s, = > mlp—¢)(p—¢)+0

vpeS)

This is because, from proposition C.1, only a pure strategy equilibrium exists for the high cost
winner. If the losing seller uses the samép) distribution for all prices below; and chose to

bid ¢y with probability,1 — Yvpesy His then the expected profit for the losing seller is

Muos, = D pu(p—¢)+ (1= > piiciwo)(ca — ¢)

VpesS) vpeS)

It's easy to see thdl,,,s, > Ilg,

QED
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To determine the mixed strategy equilibrium, we compute the second expected prdfaador
w;. For thel, any bidp < ¢y will win if the first period winner is a high cost type - this happens
with probability (1 — b). With probabilityb, the winner can be a low cost type, in which case, it
can win only if it outbids its opponent. IF,,(p), represents the cumulative bid distribution of the
low-cost type winner, then the losing seller can outbid its opponent with a probability 6f,(p).

Combining the two terms, the expected profit fos

L(p) =1 —=Fu(p)bp—¢)+(1-b)(p—2¢) (C-1)

Similarly if F;(p) represents the bid distribution of the loser, one can also compute the expected

profit for w; as
I, (p) = (1 = Fi(p))(p — cr) (C-2)

Note that expected profit for a high cost type winney,is 0.

The equilibrium strategies for this game can be further described using the propositions below:

Proposition C.3 There are no holes in the strategy sgtand S;.

Proof for this proposition is similar to that of A.2

Proposition C.4 There are no mass points a) in the interior or b) at the lower boundary of other’s
support or c) at the upper boundary of other’s support if that boundary is a mass point for the

other seller.

Proof for this proposition is similar to that of B.3

Proposition C.5 If one seller (the low cost winner or the loser) has a mass poipt' athen the
other seller has zero density at that point in equilibrium.
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Proof for this proposition is similar to that of B.4
To calculate the distribution for the winner; we equate equation C-1, to the expected profit

for [ atp = cy. Therefore, we have

(1= Ful) b(p— )+ (L= ) (p— ) = (1= b) (e — ) (c3)
1 (1 —b)(ca —p)
Fulb) = 1= 50,6

Corresponding to this distribution, the pdf is

(1 — b)CH

fuw(p) = (p—c)?

(C-4)
Based on this, we can state that
Proposition C.6 inf(S,,) = inf(S;) = ¢ (1 + b).

This proof is similar to the proof for B.6.

We exploit this proposition to compute the bid distributionfdFirst, we compute the expected
profit for w; atp = ¢ (1 + b). Based on the definition for the mixed strategy equilibrium, this profit
¢ (14 b) — ¢, is the profit that sellefv; can secure independent of the price it bids. Therefore,

equation C-2 becomes

(1= Fp)p—c)=¢(1+b)—cp (C-5)
Substitutingc;, = 0 and rearranging the terms, we have

¢(1+b)
p

F(p)=1-

The pdf corresponding to that distribution is

(C-6)



Note that this distribution has mass poinpat cy with probability M/, = 1 — b2,
Based on these distributions, we can compute the difference in the expected profits between

the winner and the loser. For the loser:

CH

W= o (= Fulp) i)} 0= 2)ap))+ (=) fip)p—¢) dp)

(1+d) ¢ (14b)

‘|‘(1 — b)(CH — é) Ml

= be (C-7)

and for the winner:

L, = o[ {0~ Fi) + M) ulp) (0 = cr)dp)] + (1= b) (e — cn)

= b(1+b)e (C-8)

and therefore the differenc@;, = b%¢ .
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