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Abstract

Geographically dispersed sellers in electronic reverse-marketplaces such as those hosted by Freemar-
kets are uncertain about the number of competitors they face in any given market-session. Over
the course of several market-sessions they learn about the competitive nature of the marketplace.
How sellers learn to reduce timearket-structure uncertaintyepends on the market-transparency
scheme, or theevelation policyadopted. A revelation policy determines the extent to which infor-
mation such as the number of sellers in a session, their bidding patterns, etc are revealed to sellers.
Since these policies control what sellers learn and how they bid in future sessions, these policies
are a determinant of buyer surplus. Before the advent of the Internet, these revelation policies
were not feasible, and studying the impact of these policies was irrelevant. Currently, there is little

guidance available to buyers in choosing the appropriate information revelation policy.

To address this IT-enabled problem, we use game-theory to compare the buyer surplus gener-
ated under a set of revelation policies commonly used in electronic reverse marketplaces. We find
that the policy that generates the least amount of market structure uncertainty for the sellers maxi-
mizes buyer surplus. This contradicts the traditional view that under uncertainty, sellers are worse
off and buyers are better off. We investigate this apparent anomaly by comparing the behavior of
sellers under market structure uncertainty to that under a framework where sellers are uncertain
about their own costs. Based on our analysis, we find that it is the nature of the uncertainty, not the

mere presence of uncertainty, that impacts buyer surplus.

Acknowledgements: This work was funded in part by NSF CISE/IIS/KDI 9873005 and NSF 11S/0118767.



1 Introduction

FreeMarkets a successful B2B market-maker, convenes electronic reverse-auctiane(-sessions

at the request of buyers. Among other attributes, buyers determine the “market-transparency”
scheme, oinformation revelation policyto be used in the market-session. A revelation policy
determines the nature of information about bids — winning bids, number of bidders etc. — that
are revealed to geographically dispersed sellers in a market, at the beginning, in the middle and
at the end of a market-session. At one end of the spectrum of available policies, the buyer can
choose to accept sealed bids and inform each seller only about whether it won or lost in a given
market-session. Under this policy, competitive information is not revealed to sellers. At the other
end, the buyer can choose a revelation policy that allows sellers to observe the bids submitted by
their opponents in real-time and react. Under this policy, sellers are aware of the number of other
sellers, their bidding patterns and winning bid prices. Over the course of multiple market-sessions,
the revelation policy adopted affects what sellers learn, how they bid in the future and the overall

performance of the market including buyer surplus.

To our knowledge, this problem — the impact of these revelation policies when sellers are
uncertain about the number of competitors (referred tmasket structure uncertainty- has not
been studied in any prior work. Thus, little guidance is available for the buyer to choose the
appropriate policy. One of the reasons that this problem has not been studied thus far could be
that such revelation policies were not feasible to implement without the Internet or information
technologies. For example, revelation policies such as the one where sellers are informed about
their rank relative to other competitors are possible only because of the ease with such information

can be computed and distributed. Given the current relevance and the need for such an analysis,

Ihttp://www.freemarkets.com



we compare the impact of the following revelation policies using buyer surplus as our metric.

1. Complete-Market Structure Information Settiregg): All quotes are revealed to all partici-

pating sellers, implying that all sellers learn about the market structure.

2. Incomplete-Market Structure Information Settings): The only information revealed to
participating sellers at the end of each market-session is the winner’'s quote. This means
that the winning seller, which is already aware of its bid, does not learn anything about the
market structure. However, losing bidders, if they exist, learn about the presence of at least

one competitor and can bid accordingly in future market-sessions.

Note that these policies are but two of the many policies available to a buyer in a real-world
marketplace such as those hosted by Freemarkets. Further, these specific policies are commonly

adopted in both traditional marketplaces and electronic marketplaces (Thomas (1996)).

While our work is motivated by a real-world electronic marketplace hosted by Freemarkets,
results discussed in this paper are applicable to any reverse-market setting that can create these
different information regimes. Further, the results presented in this paper are actionable. We
demonstrate that buyers benefit from choogingoveriis so long as sellers value learning across
market-sessions. In other words, the policy that generates the least amount of market structure
uncertainty for the sellers maximizes buyer surplus. This contradicts the traditional view that under
uncertainty, sellers are worse off and buyers are better off. We investigate this apparent anomaly
by focusing on the nature of uncertainty. Specifically, we compare the behavior of sellers under
market structure uncertainty to that under a framework where sellers are uncertain about their own
costs. Based on our analysis, we demonstrate that it is the nature of the uncertainty, not the mere

presence of uncertainty, that impacts buyer surplus.
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The paper is organized in the following manner. Section 2 describes the problem context
under the market structure uncertainty framework. In Section 3, we model the problem context
described in Section 2 as a two period game. Results from these game-theoretic models are used to
compare the buyer surplus generatedigandiis. Next, we model the cost-structure uncertainty
framework. Using the results from both frameworks, we demonstrate the differing nature of the

impact of uncertainty on buyer surplus. Finally in Section 5, we conclude.

2 Problem Context

We begin this section by describing a typical reverse-marketplace for coal. Buyers sequentially
arrive at the electronic reverse-marketplace and initiate market-sessions. For each market-session
convened at its request, the buyer is at the liberty of choosing its desired revelation policy. On
the seller-side, there are a certain number of geographically distributed sellers who can offer coal.
Only a subset of them bid in each market-session. For example, in each auction conducted by
Freemarkets, a maximum of three or four coal sellers participate. Exogenous factors such as the
type of coal the buyer wants or the distance between the coal mine and the buyer site limit seller
participation. Participating sellers are unaware of their market structure (number of competitors)
and learn about it across market-sessions. At the beginning of a market-session, each participating
seller submits a multi-dimensional bid which includes coal content, ash content and water content
of its coal, and the price quote. After reviewing all bids, the buyer chooses the best bid and awards
the contract to the winner. At the end of the market-session, submitted bids are revealed according

to the information revelation policy chosen by the buyer.

We portray this mechanism in our problem context in the following manner:



e There are exactly two buyers in the reverse-market. Each buyer initiates a market-session.
This paper studies the impact of the revelation policy choice made by the first buyer. The

second buyer is assumed to be unaware of the events of the previous market-session.

e There are onlyisellers in the “world” providing the product and this is common knowledge.
Exogenous factors influence seller participation and only a subset of them participate in the
reverse-market (also referred tothe market Thus the market can only be monopolidtic
duopolistic or competitive in nature. But participating sellers are unaware of the nature of
the market. We model the market-structure uncertainty that each seller faces in the following
manner. Let s.t. 0 < a < 1 be the exogenougarticipation probabilitythat each seller
bids in the reverse-auction. All sellers are assumed to be aware of the valusubthey
are unaware of the realized value of the participation probability for their opponents for that

market-session

The market-mechanism for the reverse-auction is as described below:

e The auction conducted is a first price sealed bid “reverse”-auction.

e Each seller submits a price quote — a single dimensional bid which represents the multiple
attributes (e.g. ash content, water content, etc.) of the bid. All participating sellers submit
their bids without observing their opponent’s bid. Thus, it corresponds to a simultaneous

move game. Each seller’s bid is based on the following:

— Its belief about market structure: In our set-up, sellers facing an uncertain number

2During our discussion with Tony Bernhard, Technical Director, Freemarkets Inc., we learned about the possibili-
ties of a monopolistic situation arising in their reverse-market context. This is the motivation for our assumption.

3For example when = % sellers know that nature tosses a coin for each seller and allows that seller to participate
only if the outcome is a head. But each seller does not know if the outcome was a head or a tail when nature tossed a
coin to decide whether or not to permit its opponent to participate in that market-session.
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Complete Information Incomplete Information

Setting CI1S) Setting (I1S)
Beginning of the first market-session | Uncertain Uncertain
At the end of the first market-session | All bids are revealed | Only winner’s bid revealed
Beginning of the second market-sessioAll sellers aware of | — Losing Seller is aware of
market structure the market structure.

— Winner from the first
market-session continues
to be uncertain

Table 1: Information Revealed under each Policy

of competitors hold symmetric beliefs about the market structure in the first market-
session. Conditional on it being present in the reverse-auction, each seller holds a belief
with probability a that each of its opponent is also present in the first market-session.

We assume this to be common knowledge.

— Buyer utility for the product: The buyer utility for the productis € R+ and it is

assumed to be common knowledge.

— Cost of producing the product: All sellers are assumed to have identical €ost$;+

andC < U. The value ofC' is also assumed to be common knowledge.

— Revelation Policy in the marketplace: It can be eithgror Cis. Sellers are assumed

to be aware of the revelation policy adopted.

Based onu, U, C and the policy adopted, sellers simultaneously bid prices.

After receiving all bids, the buyer chooses the seller that offers the lowest price as the winner
(ties are broken randomly) and awards the contract. The winner builds the product but incurs a
production cost;'. The product is delivered to the buyer, who in turn, remunerates the winner. This

point corresponds to the end of one market-session. At this point, bids submitted in that market-



session are revealed according to the revelation policy adopted, allowing sellers to learn about
the market-structure for the next market-session. Table 1 summarizes the information available to
participating sellers at each instant under each policy. We model the seller participation for the

second market-session in the following manner.

Anecdotal evidence from Freemarkets suggests that participation correlation across market-
sessions is high i.e., more or less the same set of sellers repeatedly participate in each market-

session.

e For the sake of tractability of the analytical model, we assume that participation is perfectly
correlated from one market-session to the other. Stated differently, market structure from the

first market-session is assumed to continue in future market-sessions.

With the same set of sellers as in the first market-session, the cycle is repeated for the second
market-session. But note that beliefs which sellers hold about the market structure may be different
in the second market-session than in the first market-session. Using game-theory, we study the
impact of information revelation policy. Each market-session in our problem context maps to each

period in our game-theoretic model.

3 Game-Theoretic Analysis

In our model, each firm can choose any price iSeg it*. However, note that no firm ever bids a
pricep > U or a pricep < C. Thus, it suffices to consider bids in the rarigeU]. Without loss

of generality, this range can be mapped and restricted so that the stratégy $@t1].

This section is organized in the following manner. In subsection 3.1, we describe the single

period game and characterize its equilibrium when (i) uncertainty is resolved and (ii) uncertainty



Firmm-1 i =t o i
Firm-1is & manapalist, Firm-2 is a monopolist.

Prob. a(1-a) Pr . Prob. {1-a'a
ofiam it G

Seller-1

Figure 1: This tree depicts the extensive form of the single period game. Nature makes the first
move (root-node), after which sellers move simultaneously (nonterminal nodes other than the root).
The dotted lines denote each seller’s information set, indicating that the seller that is to move at
each node cannot distinguish between that node and the one to which it is connected.

persists. These equilibrium strategy calculations are extended to two period games gratet

Ils frameworks in subsections 3.2 and 3.3 respectively.

3.1 Single Period Game

Consider a single period game where each seller is uncertain about the number of opponents it
faces. The extensive form of this game is shown in Figure Infet 1 i.e., 2 seller case. The
branches in the figure correspond to when: (left) both sellers are selected, probdbildgnter)
seller-1 is selected but not seller-2, probabitity — «); (right) seller-2 is selected but not seller-1,
probability (1 — a)a. When uncertainty is resolved, each seller knows the branch on which it lies:

if a seller realizes that it is the only seller in the market, it extracts the buyer surplus by charging

p = 1. Instead, if both sellers are aware of the presence of each other, both sellges bid

With uncertainty, sellers are not aware of the branches on which they lie. But sellers hold



beliefs about being the only seller in the market. Based on this belief, they choose their bid prices
to maximize profits. Since sellers are symmetrical, we restrict our attention to the symmetric

Bayesian-Nash equilibrium.

A seller, sayi, believes that it is the only seller in the market with a probabilitylof- a)”. In
this case, any big secures a profit gf. But with probabilitya(1 — a)"~!, each of its(f) sellers
can be present in the market. In this cassecures a profit of only if it outbids its opponent.
Similarly, profits are calculated for all combinations of selléisexpected profit$l; as a function

of seller:’s pricep; and all other sellers prices is:

n n
0;(pi,p;) = (1—a)" p;+ (1 )a (1—a)" ! piry + (2 >a2 (1 —a)" % pikg + ... +a" pikin

where

1 if p; < min(p;)
Rk =\ g if piis bid byk sellers

0 if p; > min(p;)

Proposition 3.1 All sellers earn positive profits in equilibrium: i.e2; = 0 is not an equilibrium

for any:.

Proof: Suppose not: i.e., suppoge = 0. The proof proceeds by establishing the existence of

S.LILi(ps, p5) > 11(0, p7). Choosep; = 1. Now if p* = 1, then

IL(1,p5) =(1—a)" + <n>a (1— a)"_li +...4+a"

n+1



Otherwise, ifp; < 1, then

QED

The following proposition implies that there is no pure strategy equilibrium in the single period
game. Intuitively, if all sellers bid a fixed price, one of the sellers can obtain from deviating. In
turn, one among the other sellers can retaliate with yet a lower price. This retaliation process
continues until a price is reached, at which point sellers stop retaliating andpbid1. The price
pis the point below which a seller is never incentivized to bid. It can obtain higher expected profits
by bidding1 rather tharp < p. But, if all sellers choose, then undercutting and retaliation will

begin again. This implies that no pure strategy equilibrium exists.

Proposition 3.2 There is no pure strategy equilibrium.

Proof: Suppose not: i.e., assume that there exists a pure strategy equil{ptiys). Since sellers
are identical, we focus only on the symmetrical equilibrium ip¢.= p;. The proof proceeds to

establish the existence pf s.t.1L;(p;, p;) > TL(p;, p5)-

i) = (=i + (o= (D a o e s )

Now if p; = p — ¢, for somee > 0, then

i(pi, p7) = (pi — €) (2)



From equations 1 and 2;(p;, p;) > IL;(p;, p3) iff

* 9 — 1) 9
€< <?>a(1 — a)”_l% + <;>a2(1 — a)”_Q% +...+ ani(n ) P

Such are exists, sincél — a) > 0 andp; > 0, by Proposition 3.1QED

Having argued that no pure strategy equilibrium exists, we now derive the mixed strategy
Bayesian-Nash equilibrium of the single period game. The equilibrium strategy for sédler
given by a pair(f;, S;), wheref; is a probability measure defined over the strategy'set S (i.e.,

S; is the support off;), such that(f;, S;) is a best response to equilibrium strategy of any of its

opponentj € ¢ and: ¢ 7. The nature of the solution is characterized by the propositions below.

Assuming that each ofs opponents bids according to cumulative probability distribution
Fx(p), then the probability that outbids (i.e., undercuts) each of its opponents is givelilby

Fx(p)). Thus, sellei’s expected profit$l; in terms of its bid price are calculated as follows:

)

1 opponent

No opponent

M) = T o+ ([ )= al- B+

(Z) (1—a)"*a* (1 - F;-(p))kp—k .o+ ad" (1= F(p)"p

n opponents

k opponents

Simplifying this expression, we get

Ii(p) = ((1 —a) +a(l = Fi(p)))"p 3)

Proposition 3.3 There are no gaps in the strategy sstsand S;.

Proof: Since sellers are symmetrical, so are the strategy sets. Let a hole exist in the interval
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I = (hmin, hmax) N the strategy set of all sellers.

The profit for any sellei when it charge#,;, is

IL; (hanin) = ((1 — @) + a(1 = Fi(hmin)))" Punin

The profit for seller when it charge#,,,., is

i (hanax) = ((1 = a) + a(1 = Fi(hmax)))" fmax

Since Fi(hmax) = Fi(Amin), i(Amax) > IL;(Amn) Which violates the definition of mixed

strategy equilibriumQED

Proposition 3.4 No seller has mass point a) in the interior or b) at the lower boundary or c) at the

upper boundary of the other seller’s support if that boundary has a mass point for the other seller.

Proof: Let us represent, = inf(S;) andp; = sup(S;). Assume on the contrary that there exists a
mass point in equilibrium for any sellgre 7 at the pricep, < p; < p; with probability ofy > 0.
By Proposition 3.3, there are no “holes” in the strategy$etThus, we can consider the profits

for seller: when biddingp: — € andp: + ¢, for e > 0, namely:

Ii(p; —€e) = ((1—a)+a(l—Fp; —€))"(p; —¢) (4)
Ii(p; +¢) = ((1—a)+a(l = Fp; +€)))"(p; +¢) (5)

Subtracting equation 4 from equation 5 yields

pi((1 = a) +a(l = Fi(p; —€)))" = (1 — a) + a(l = Fi(p; +€)))" -
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e((I—a) +a(l = F(p; —€))" + (1 —a) +a(l = F(p; +¢)))"

This difference is strictly greater than zero only ématisfying the condition

p;|[(1=a) +a(l = F(p: — )" = (1 — a) + a(1 — F(p: +€)))"]
(1= a)+a(1l = F(p: — )" + (1 = a) + a(l = Fi(p: +€)))"]

O<e<

(6)

This suggests thatearns strictly greater profits by shifting some mass from above belowp:.

Thus,j € ¢ cannot have a mass point in the interior of sellesupport at equilibrium.

If instead,; has a mass point @ with probabilityy; and; continues to have a mass point at
p; = p; With probabilityy, then seller can do better by bidding, — ¢ with probability~, andp:
with zero density. The only case when the proof does not hold good, is wherp; and seller

does not have mass pointat QED

Corollary 3.5 If one selleri has a mass point @; = sup(.S;), all other sellers will charge, with

zero density i.e., any other sellgre ; will randomize in the intervalp, p;).

Proof: Suppose sellercharges; = p, with probability~, consider the profits for any other seller

j € i from chargingp; — e andp;. These are respectively

i =€) = [(1—a)+a(l—Fp;—e)](1—a)+ (1= Fp —e)a)" " (p —¢)
i —e) = (1—a)((1—a)+ (1= F@))a)""») +al(l —a)+(1- Fi(p?))a)”‘lvf
Subtractindl,;(p;) from II;(p; — ¢), the difference is
~ (a2 = aey = we) (1= a) + (1= By ()
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This is strictly greater than zero for sufficiently smailinplying that seller; can secure higher

profits by bidding a value less tharp; and therefore the prooQED

Proposition 3.6 sup(S;) = 1.

Proof: Suppose not: i.e., supposep(S;) = p, < 1. By Proposition 3.4F;(p;) = 1. Thus,

ILp)=010—-a)"p;, < (1 —a)"=1L(1). Thereforep, = 1. QED

Based on these propositions, one can compute the mixed strategy equilibrium for any seller
j € 1,1 € i as that distributiony; over the strategy sef; which generates the same profits for
any seller; independent of’'s strategy. More specifically;s expected profits at any prigemust
equal that at the upper boundary$)f namelyp = 1. SinceF;(1) = 1, i's expected profits equal

(1 — a)™ at this boundary from equation 3. But this profit is the same for any prid&erefore,

(1—a)" = ((1—a)+al - Fp))"p

Rearranging,

F(p)=1- [(;) _ 1} (1 - a) )

Corresponding to this cdf, the pdf is

fip) = L9

-
npntla

(9)

Since we assume a symmetric equilibriuffip) = f:(p) andF;(p) = F;(p).

Proposition 3.7 inf(S;) = (1 — a)™.
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Figure 2. CDF for different values affor n = 1 i.e., the 2-seller-case.

Proof: Let F;(p) = 0. QED

Summarizing the equilibrium bid distribution for the single period game: sellers play according
to the cdf given in equation 8 at equilibrium. This cdf is plotted in figure 2/ifor 1 anda €

{0.9,0.5,0.1}. Also sinceF;(1) = 1, there is no mass point at= 1.

3.2 Complete Information Setting

The single period game discussed earlier is extended to a two period game urcdefthmework
(See Figure 3). By observing the number of opponents that kidl, sellers can learn about the

the number of sellers for the second period game.

With uncertainty resolved, if a seller realizes that it is the only seller in the market, ip bids
in the second period. However, if there are more than one seller in the market and each is aware
of the existence of the other, they hid= 0 at equilibrium. Based on this, we can calculate the

expected (minimum) pricg?. observed by the second buyer conditional on having at least one

14



Firm-1is @ monopolist. Firm-2 is & monopolist.

Prob. a(1-a}

Period 1

Figure 3: Complete Information Setting. This tree depicts the extensive form of the two period
game in thecis. sellers are uncertain about the market structure in the first period. In the second

period, sellers are certain about the market structure.

seller in the market. With probability ef(1 — )™, each of thén + 1) sellers realizes that it is the

only seller in the market. Therefore,

ﬁgls = (n + 1)&(1 - a)n (10)

The second period expected profits for sellare

2 = a(l —a)" (11)

cls

This expression can be explained in the following manneiidfthe only seller in the market, its

profits arel; alternatively, if the market has more than one seller, each seller @anofits.

Note that these second period expected profits are independent of whether or not the seller

won the first period. In other words, the second period expected profits are dependent only on the

second period game and not on the outcome of the first period game. It follows that the equilibrium
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strategies in the first period are also dependent only on the profits earned during that period.

Lemma 3.8 Under cis, the first period Bayesian-Nash equilibrium is equivalent to that of the

single period game.

Proof: If Fl

Cis

is the first period bid distribution for sellgre ¢, theni's total expected profits from

both periods are

Hf:}s(p> = (1 - a)n(p + Hz:?s)

(1) = a1 = FAON -+ )+ PO+ T + .

k other opponents

selleri wins one among the othér sellers wins

# () a-arrar - F)N o+ 1% )+ (- (1= AW 0 + 13)

~—~

1st period 2nd period 1st period

2nd period

Fota™ (1= FA(p)"(p + I2) + (1 — (1 — Fit(p)") (0 + %))

Rearranging the terms, we have

Mg(p) = Mo+ (1= a) + a(l = Fig(p))"p (12)

Note that this simply means that the expected profit of the combined game for any price, is the

expected profit of the single period game for the same price, incremented by a corétaRecall

that if a constant is added or subtracted from the payoffs for all prices, the equilibrium of this new

game is equivalent to that of the unaltered game. Based on this well-known lemma, we prove that

the equilibrium of the first period game is equivalent to that of the single period gaE©.

Using Lemma 3.8, we can write the first period equilibrium strategy feri as the following

16



cdf:

i 1 % l1—a
Flo=1- [(p) - 1] ( - ) (13)
Its corresponding pdf is:
i (1—a)
cls n %4_1 a (14)

Since the game is symmetritl. = fiL = fiL for all sellers in the market.

The expected minimum price observed by the buyer in the first period afieonditional

on having at least seller in the reverse-auction, is:

e = 3 |a=arae s (CEV) [ R0 B )] ) as)

In this expression, the term in the second square bracket represents the probability distribution
of the minimum price observed when there arsellers in the market. The first square brackets
represent the probability of havirigsellers in the market.

Having computegh. . andp?, the total expected minimum price in thes is given by:

cis?
T 2
Dais = Deis T Dais (16)

3.3 Incomplete Information Setting

Recall that in the first period afs, sellers are unaware of the number of competitors they face.
But in the second period, losing sellers from the first period, if at least one exists, learn that about
the presence of at least one competitor. However, the winner remains unaware of the nature of

competition. The extensive form game for= 1 is shown in figure 4.
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Firm-1is @ monopolist. Firm-2 is & monopolist.

Prob. a(1-a}

Period 1

Seller-2
1
: J/C

Firm-Z lost the first
periad, Firm-1 won
the First period

Figure 4: Incomplete Information Setting for= 1. This tree depicts the extensive form of the two
period game in thes. Sellers are uncertain about the number of competitors in the first period. In
the second period, one seller is the winner and the other seller is aware of the existence of at least
one competitor.

In this section, we characterize the Bayesian-Nash mixed strategy for the sellers sinderg
propositions. Most proofs for these propositions are similar to the ones in the single period game.
The key difference between these two sets of proofs is thiasjrsellers hold asymmetric beliefs
about being the only seller in the market. Specifically, the loser(s) from the first period, have their
second period belief about being a the only sellep.aBut the winner from the first period, has
a belief ofz™ > 0. Thisz’ represents the second period belief held by winner that each of the
other sellers are not present in the market. Given this, we begin with the second period game and

determine the equilibrium based on the following propositions

3.3.1 Second Period Game

Proposition 3.9 There is no equilibrium in pure strategies in the second period.

Since there is no pure strategy equilibrium, let us represent the second period equilibrium as a
pair ( f;, .S;) for the loser(s) andf.,, S.,) for the winner. The second period expected profits for the

18



first period winner are given by:

n

[T, (p) = 2"p + (1

)(1 — )" (1= F(p)p+ ... +a"(1 — F(p)"p (17)

whereF;(p) represents the cdf of loser’s bid distribution. But from the perspective of the loser, at

least one seller exists. Conditional on this information, the loser’s expected profits are:

(1)1 =a)"a (1)1 = a)"*at
0= (1 —aymy L @

+---+m(1 — Fu(p))(1 = E(p))"'p (18)

7 (p) =

(1= Fu(p))(1 = Fi(p)*'p

whereF,(p) represents the cdf of the winner’s bid distribution. Note that the losing seller knows,
with certainty, that the market has at least one competitor. In this framework, the equilibrium

solution can be further characterized by the following propositions:

Proposition 3.10 Strategy sets are identical for both the winner and the loser sellers.

Proposition 3.11 Neither type — winner or loser — has mass points a) in the interior or b) at
the lower boundary of the other’s support or c) at the upper boundary of other’s support if that

boundary has a mass point for the other seller.

Proposition 3.12 If one type — winner or loser — has a mass poinpathe other type charges

with zero density in equilibrium.

Proposition 3.13 sup(S}) = sup(S)) = 1.

By definition, the loser’s mixed equilibrium strategy has to generate the same expected profits

for its opponent independent of the opponent’s action i.e., the loser’s equilibrium strategy has to
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generate the same expected profits for the winner as it would when the winner bids But

12 (1) = 2", sinceF;(1) = 1. Thus,

II,(p) = (' + (L —2')(1 = Fi(p)))"p = 2™ (19)

Rearranging terms,

1 " x
Ap) =1- [(p) —1] - (20)

(21)

Observe that equation 20 is similar to the equilibrium distribution for the single period game given
by equation 8. From this, one can also characterize the lower boundary of the loser’s strategy set

as well as the winner’s strategy set.
Proposition 3.14 inf(S}) = inf(S5}) = ™.

Proof: To determindnf(S}), setF;(p) = 0. Based on that, we finthf(.S;") = 2. We still need
to prove thainf(S;) = inf(S;). Suppose not: i.eipf(S}) # inf(S}))

Case 1. Lep = inf(S}) < inf(S;) = 2. In such a case, since losers always bid a price
p > 2", the expected profits for the winner can be increased by increasiognf(S;). This
proves thainf(S}) > inf(S}).

Case2: Let us consider the second cage= inf(S;)) > inf(S;). In such a case, the loser
can seek higher profits by shifting itsf(.S;) to p. This would mean that it has a mass poinpat

But from proposition 3.11, we know that there can be no mass point at the lower boundary of the
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other seller’s support. Therefore, the only possiblityni§.S) = inf(S;). This combined with

our earlier portion of this proahf(S;) = 2™ proves the propositiorQED

Using proposition 3.14 and the definition of the mixed strategy equilibrium, we compute the
cdf of the winner’s bid distribution. By definition, the mixed strategy equilibrium for the winner
has to generate the same expected profits for the loser independent of the price the loser bids
i.e., the winner’s strategy has to generate the same profit for the loser ataanthat when the
loser bids thep = inf(.S;"). Thus, one can equate equation 18 to the profits earned by bidding

p = inf(S)) = a”:

(Shoy (1) (1= a)"*ah (1 = Fi(p)*Y)
(1—(1—a))

(1= Fyu(p)p =a™ (22)
It follows that

2™ (1—(1—a)")
Sioy () (1= a)rrat(1 = Fi(p))] p

Fu(p) =1- { (23)

I/n(lix/n)

At p = 1, the winner has a mass point &f, = PR (R T s

This mass point gb = 1
ensures that the distributidi,(p) = 1 atp = 1.

Corresponding to this cdf, the pdf is

2 (1= (1—a)")
Sy (1) (1= a)rhak(1 = Fi(p)! p?

Juw (p) = [ (24)

Note that since the winner continues to be uncertain about the number of sellers in the market, the
winner’s equilibrium distributior’, (p) in the second period is the same, regardless of whether the

market has one sellers or more. Also note that the winner’s bid distribution is first-degree stochastic
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dominant over losers’.

Using F,,(p) and F;(p), we compute the expected paid by the second buyer conditional on

having at least one seller in the reverse-auction as:

o= K(nzl))ak(l—a)”_kﬂ / 1]

(1= Fp)* " fulp) + (k= 1)(1 = F(p)* (1 = Fu(p))filp)] pdp

+(n+ 1)a(l —a)"M,

In this expression, the term inside the square brackets in the first line represents the probability
thatk sellers are in the market. In the second line, the term inside the square brackets represents
the probability distribution of the lowest price bid whérsellers including one winner are in the
market. The first term in last line accounts for the mass point that is observed when the winner is
the only seller in the market.

Lemma 3.15 The second period expected profits for the winner and the loser are the same and

are equal tar’.

3.3.2 First Period Game

Recall thatz'™ is the second period belief held by the first-period winner that none of its opponents

is present. Thus, the probability of that the first-period winner is the only seller in the market,

_ Probability of being the only seller
~ Probability of winning the first period

m

Note that the probability of winning the first period is dependent on the equilibrium of the first
period game. Using this definition, we characterize the equilibrium for the first period game.
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If the first period had a pure strategy equilibrium (since sellers are identical, we focus only the
symmetrical equilibrium):

1
n

’ (1 B a)n
xr = ( " (Z) 1 —a)”_kakkil) (25)

Given this:

Proposition 3.16 There is no equilibrium in pure strategies in the first period.

Proof: The proof first assumes the existence of a pure equilibrium and identifies the point beyond
which price war will not continue. In the second step, the proof will demonstrate that the lowest
price below which price war does not continue is not in the optimal strategy set for a seller. Based

on these two steps, we conclude that only a mixed strategy equilibrium exists.

Let the symmetrical pure strategy equilibrium pricegbe= p; = p;. The combined expected

profits for any sellei in such a case is

) = (=l e+ ()= arta [jor 4o+ jo o

Probability thatk opponents are presel Selleri wins One of thek competitors wins

1 k
+.+ </Z>(1—a)"kak ——(p" + 2" )+——( 0 + 2™)

k + 1 1st Period  2nd Period k _'_ 1 1st Period  2nd Period
e a — T I X
n+1p n+1

i's profits when it deviates from the equilibrium by undercutting the price bid by others is

IL(p; —v.p5) =p" —v+(1—a) (26)

23



Based on these two expressions, we can state thiltundercut so long as it can finda> 0 and
if

IL(p; —~.p5) > Wi(p;, p3) (27)

Substituting the expression fef* and rearranging the terms, we can say that price war continues

as long agy satisfies:

b
k41

0<~v<(p* (1—a)" )1 — zn: (Z) (1- a)nfkak )

2 k=0 (Z) (1- a)n_kakk%rl k=0
Price war will cease to exist at the point when-=0 i.e.,

B (1—a)"
Sroo (7)) (1= a)ytab L

%
ppure

Note that thisp;,,.. < 1 is the pure strategy equilibrium if one exists. We can be rest assured
that a pure equilibrium does not exist, if we prove thiatl, p*) > I1i(p} e, Pyure)- Such a proof
implies that a price > p;,.. exsits below which the selléwill not undercut but percieves higher
expected profits by bidding = 1. For this proof, we compute sellé¢s expected pure strategy

equilibrium profit as

(1—a)
Hi(p*urevp*ure) = (1 - a)n + n (28)
P 4 ZZ:O <k) (1 _ a)nfkakﬁ
Similarly, we compute sellers expected profit from deviating to= 1
AT —\m ZZZO (Z) (1 _ a)nfkak%ﬂ
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Based on these expressions, we can say thaf(if, p*) > I1;(p;,,., Py..) NO pure strategy
equilibrium exists. Substituting for the expressions from equations 28 and equation 29, we can say
that the comparison becomes

L= ppure >0 (30)

This is always true and therefore, the proQED

Given that no pure strategy equilibrium exists in the first period, let us define the mixed strategy

equilibrium for each seller as the distributi¢fi, S\) and its corresponding cdf &8\ (p). Using

s
this, we can define far’'.

If a seller, sayi, wins in the first period, it is because either (a) it is a monopolist, or (b) it has
one opponent and it outbid the opponent with probability- £ (p)), whereF:l(p) = Fil(p) =

Fl

s

(p) is its opponent’s bid distribution. The one opponent can be any ﬁﬁbsellers. (c) it has
two opponents and it outbid them with probability— F! (p))? and the two opponents can be any

of the (;‘) combinations and so on. Thus, for selieits second period belief;, conditioned on

winning in the first period with a pricg, can be represented in a Bayesian manner as follows:

S=

. (p) = (L—a) 31
) Q%@”@NF@MM—%@HM+W%EMW) &)

Recall that(1 — a)” in this expression is sellefs first period belief about being a monopolist.

Simplifying this,

Il- _ (1 - a)
() L1—®+GO—EMM) (32)

Recall thatz™ is also the second period profits. Using this definition:Qfi’s expected profit
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across both periods are

Selleri wins the first period

o il n
W(p) = |1—a)+a(l=Fi)] ( » + 7 i(pi) )+
1st Period Profit 2nd Period Profit
Selleri loses the first period. This corresponds to the second period profits only.

> (1) - e [(1 - (- R Yt o) 33)

k=1

Where:ci?k( p;) is the second period belief held by the winner (not se)labout being a monopolist

conditioned ork < n sellers in the market. In this expression, the first line represents the expected
profits when selleé wins. This happens with a probability ¢f(1 — a) + a[l — Ei(p;)])". In

which case, it secures a profit pf in the first period. It updates its belief about being the only
seller tox’(p;)" for the second period and secures an expected profit pf)”. The second line
corresponds to the condition when selléoses the first period. If it loses whénother sellers are
present in the market, the probability that it losegis— (1 — F(p;))*}. Under this case, the

IIs

expected profit is equal to the belief held by the winner which is represent@’ﬂ@%).

Note that although:"k(pl) = x"(p;) for any k ex post, ex antédoes not know the value since
it is dependent on the winner’s (opponent’s) bid price. Howeivean determine the expected ex

ante value OfL“%?#(g):k(p{) wheni bidsp; as

i) = [ (1-a) DT D) o SR

inf (512) [(1—a)+a(1—F.fsl( ) 1—(1— Fi(p))*

The first multiplicative term represents the belief held in the second period by the first period
winner which won the first period by bidding a prige In the second term, the term in braces

represents the probability distribution of the winning bid when the winner is not sedled the
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denominator conditiones on having at least one ofithe n sellers in the reverse-auction. The
limits of the integration are the possible winning price values that the opponent can bid and win,

while selleri bidsp;. Using equations, 32, 33 and 34, we compute

Mip) = [(1—a)+all - F2p))] pi+ (L —a)" — (1 - a)"log ([(L - a) + all — F2 (p)]]")

Further:

Proposition 3.17 sup(S) = 1.

s

By definition, mixed strategy equilibrium generates the same profits for its opponents indepen-
dent of any price bid the opponent i.e., it generates the same profitrfdependent of whether
bidsp = 1 or any other price. Sincg.(1) = 1 (from the last proposition) . (p;) is a solution to

the following

(1= aFd(p)"pi+ (1 —a)"(1 —nlog (1 —aFd(p) = (1)

= 2(1—a)" —nlog(1—a) (35)

Note thatF'.

's(p) cannot be solved as a closed form expression. However, the equilibrium can

be computed numerically for a givenanda. Although this limits us from obtaining an analytical

expression fof . (p;), one can further characterize the strategy set

Proposition 3.18

inf(S;2) = (1 —a)"(1 —nlog (1 —a)) > (1 —a)"(1 + na)

27



Proof: Letp = inf(S,s). To determing, we setF,;(p) = 0 in equation 35. This implies that

p+(1—a)" =1I(1)

Rearranging the terms, we have

p=(1-a)"+(1-a)"n(=log(l—a))

Using the power series expansion fog (1 — a), we can say that
p>(1—a)"(1+na)

QED

Based on this, we compute the expected price paid by the first buyer as

i = S |a-ares (IO o= Ry ) ) o

In this expression, the term in the second square bracket represents the probability distribution
of the minimum price observed when there arsellers in the market. The first square brackets

represent the probability of havirigsellers in the market.

Having computegh., andpZ, the total expected minimum price in thes is given by:

ﬁus = 13|1|s + ﬁﬁs (37)
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4 Buyer Surplus Comparison

Since the higher the buyer surplus the lower the expected price, we compare only the expected
price paid by the buyer. In order to show that the buyer surplus generatisdisriower than that

in thecis, we have to prove that

lef = (ﬁ|1|s +ﬁﬁs) - (ﬁ}:ls +ﬁz|s) >0 (38)

Note thatp,s andp.s represent the expected price paid by the buyer inithand thecis settings.

The superscript represents the period.

Recall that the cdf of the bid distribution undes is intractable. Fortunately, we are still able
to prove thatDi f f > 0 assuming the best case scenariolfsrfrom a buyer surplus perspective.

Specifically,we assume the following fos:

1. In the first period, the lowest price observedlis- a)"(1 + na).
2. The winner always updates his belief such tHat (1 — a).

3. Inthe second period, the bidding behavior of the winner is similar to the loser.

Using the last two points, we have g8t = pl.. Therefore,

szf = ﬁﬁs - ﬁgls (39)

From the assumption in point 1 and the expressionpfrfrom equation 10, we have the
difference as

[(1—a)"+na(l—a)"]—[(n+1)a(l —a)"] (40)
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Rearranging the terms, we have

Diff=(1-a)"* (41)

SinceDif f > 0Va € [0, 1], we have proved that the expected buyer surplus across both periods
is lower in theincomplete information setting than in the complete information setting. But, our

interest lies in studying which period contributes to this result.

4.1 Period by Period Comparison

Consider the expressions for the expected price paid by the first buyer crsdndiis settings.
The expressions fai. is similar top., except for the bid distribution. We demonstrate that the
cdf of the first period bid distribution fons is first-degree stochastic dominant owes. Using

that, we conclude that the first period buyer surplus is higher utidghan underis.

In order to demonstrate the first-degree stochastic dominance, we compute the difference be-
tweenlls andcis first period distributions as a function of the price bid, Recall that the first

period bid distribution fors, FL(p;), is a solution to the following equation

(1 —aFg(@)"p+ (1 —a)"(1 = nlog(1 - aF(p)) = 2(1 - a)" — nlog (1 - a)

In this equation, if we replacé].(p) with the expression foF..(p) from equation 13, we

obtain the difference between the two first period distributions. The difference is

Diff=—(1—-a)"logp

Note that this difference is zero only when= 1. In other words, only whep = 1 the two
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distributions are equal. This also implies that fox 1, one distribution is greater than the other
and, forp > 1, vice versa. Our interest lies in characterizing this onlypfer 1. From proposition
3.14 and proposition 3.18, we can state that(p) > F|.(p). Thus,FL(p) is first degree stochastic

dominant overr}

1s(p) andpl, > pls 4. Stated otherwise, it is in the interest of the first buyer to

choosecis over 1is. Note that this result contradicts the traditional view that under uncertainty
sellers are worse off and buyers better off. The key contribution of this paper is in emphasizing the
importance of the nature of uncertainty to compare the performances of the frameworks with and

without it.

5 Conclusion

In conclusion, we have addressed an important real-world problem faced by the buyer in a reverse-
marketplace — the impact of market structure uncertainty on buyer surplus. The lack of prior work
addressing this problem can be attributed to the novelty of the problem. Without the Internet or
information technologies, such policies were not feasible and therefore, the need for such a study
did not exist. However given the current scenario, this is an important IT-enabled problem. In
line with this motivation, we analytically compare two of the many policies that are possible in
e-marketplaces. We observe results that appear counter-intuitive: the setting with market structure
uncertainty generates a lower buyer surplus than that without it. Insights gained explain why, in
order to maximize buyer surplus, it may be best to choose a policy that generates the least level
of market structure uncertainty for sellers. This actionable result was presented to Freemarkets.

During that discussion, we learned that the seller behavior captured by our model is observed

40ne cannot categorically stategif; > p2,s or not for a generic setting. But, we have proved thfat> 52 for
n = 11i.e., 2 seller case in Arorat al. (2002).
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during most reverse-auctions. The only scenario where the behavior differs is when sellers have

the ability to collude.

In addition to aiding the buyer in choosing the appropriate revelation policy, our analysis also
contributes to the understanding of the impact of different types of uncertainty on bidder behavior
and buyer surplus. We contrast the difference between market-structure uncertainty and cost un-
certainty. When uncertain about their own costs, sellers bid a lower price in order to “learn” their
costs. This leads to a higher buyer surplus in the first period when compared to the setting without
it. But with market structure uncertainty, it is the opposite. Only by bidding a high price, sellers
can “learn” their monopolistic position. This leads to lower buyer surplus in the first period than

in the setting without it.

We intend to extend this work by computationally comparing the two revelation policies studied
in this paper. We expect to relax the following assumptions: a) In this paper, we set the participation
correlation across the two periods to be one for tractability reasons. In reality, it is not so. We plan
on comparing the policies for different exogenously set correlation values. b) Also for tractability
reasons, we consider only a two period game in this paper. We propose to study the impact of
relaxing this assumption on buyer surplus. c) Finally, we intend to compare the revelation policies
in a framework where sellers have different cost-structures and where they face both types of

uncertainties — market structure uncertainty and uncertainty about opponent’s cost-structure.
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